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Abstract

Hollow fiber membrane separation modules are used extensively in industry for a variety of separation processes. In
most cases, conflicting requirements and constraints govern the optimal choice of decision (or design) variables. In fact,
these optimization problems may involve several objectives, some of which must be maximized, while the others minimized
simultaneously. Often, a set of equally good (non-dominated or Pareto optimal) solutions exist. In this study, a membrane
separation module for the dialysis of beer has been taken as anexamplesystem to illustrate the multi-objective optimization
of anymembrane module. A mathematical model is first developed and ‘tuned’ using some experimental results available in
the literature. The model is then used to study a few simple multi-objective optimization problems using the non-dominated
sorting genetic algorithm (NSGA). Two objective functions are used: the alcohol removal (%) from the beer is maximized,
while simultaneously minimizing the removal of the ‘extract’ (taste chemicals). Pareto optimal solutions are obtained for this
module. It was found that the inner radius of the hollow fiber is the most important decision variable for most cases. Another
optimization problem using the cost as the third objective function is also solved, using a combination of theε-constraint
method and NSGA. It is found that the Pareto solutions lie on acurvein the three-dimensional objective function space, and
do not form asurface. © 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction

Membrane separations have become quite popu-
lar in chemical engineering in the last 30 years [1].
Large-scale commercial uses of membrane separation
processes have displaced conventional separation pro-
cesses in several areas, as they are more capital and
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energy efficient when compared with distillation, ab-
sorption and adsorption, etc. The rapid development
of membrane technology can be attributed to signifi-
cant breakthroughs in the development of membranes,
membrane modules and equipment design. Modern
membranes couple high transmembrane fluxes with
high selectivity. The development of hollow fiber and
spiral wound designs improves the efficiency of these
processes while new equipment designs can now suc-
cessfully handle concentration polarization and other
problems commonly encountered.

The design of membrane separation modules is
associated with several important objectives, which
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need to be optimized, as well as many constraints.
Rigorous optimal designs of membrane modules
would help in further increasing their competitive-
ness. Unfortunately, not much work has been reported
in the open literature on the multi-objective optimiza-
tion of membrane separation systems. To the best of
our knowledge, this is the first attempt at addressing
such a problem. In this paper, we select one simple
representativeexamplefrom among a whole variety
of membrane separation systems, namely, the opti-
mization of beer dialysis modules. The method of
optimization used in this work is very general, and
can easily be applied to almost any other membrane
separation module, e.g. those used for desalination,
etc. In fact, in this paper, weillustrate the procedure
to be used, and present solutions of a few relatively
simple optimization problems with two objective
functions and a few constraints. A whole variety of
other problems can, indeed, be formulated and solved,
depending upon one’s interest. We hope this paper
will spur research in this important area.

In the last few years, considerable emphasis has
been put on the use of membrane separation modules
for processes involving the production of beers with
reduced alcohol content. It is obvious that diets, in-
creasing health consciousness, food regulations and
traffic laws of many countries have led to this interest.
It is this process which we consider for optimization in
the present study. Until recently, there were two main
ways to manufacture beer having low alcohol content
[2,3]. The first is to influence the fermentation pro-
cess itself by using special yeast, special fermentation
behavior, disruption of the fermentation process, etc.
This has been a very economical way. Unfortunately,
beers produced by this method lack either the full
body due to too little original wort, or have an atypical
flavor due to incomplete fermentation. This has led
to the development of expensive post-fermentation
processes, such as dilution, distillation and reverse os-
mosis. Beers made from these processes are also not
satisfactory in regard to their organoleptic properties.

A new process that makes it possible to lower the
alcohol content of regular beer without falsifying its
‘character’ involves the use of dialysis [2]. Dialysis is
a rate-governed membrane process in which a solute
in the feed solution is driven across a semi-permeable
membrane by means of a concentration gradient. In
beer dialysis, all the beer ingredients (alcohol as well

as the higher molecular weight compounds giving beer
its characteristic taste) will try to diffuse. The rate of
diffusion is directly proportional to the concentration
gradient and inversely proportional to the molecular
size. As an initial approximation, two solutes can be
separated by dialysis if their diffusion coefficients in
the feed differ by at least an order of magnitude [1].
It is clear that the alcohol (ethanol) diffuses prefer-
entially through the membrane, as compared to the
taste chemicals (referred to as extract). The most im-
portant requirement of beer dialysis is that the taste
and full-body of the feed beer is retained as much
as possible, while maximizing the dialysis of alcohol.
Thus, beer dialysis provides an excellent example for
multi-objective optimization studies, and indeed, it is
being used to provide the example in this study.

Hollow fiber modules have established themselves
as an excellent choice for beer dialysis. Some ex-
perimental research has been reported in this area.
A dialysis unit processing 1.5 m3/h of beer, whose
alcohol content was to be reduced by about 40%, was
experimentally demonstrated by Moonen and Niefind
[2]. Also, Leskosek et al. [3–5] have published some
experimental results on a laboratory-scale hollow
fiber beer dialysis module which could help in the
development of a simple model for this operation.

In this work, a mathematical model is first devel-
oped for the beer dialysis module. The experimental
results of Leskosek et al. [3–5] are used to provide
estimates of a few variables and parameters required
in the model. Thereafter, multi-objective Pareto op-
timal solutions are generated for use in the design
and operation of a beer dialysis module using genetic
algorithm (GA). GA is a non-traditional search and
optimization method [6–9], that has become quite
popular in engineering optimization. It mimics the
principles of genetics and the Darwinian principle of
natural selection (i.e. survival of the fittest). Simple
genetic algorithm (SGA) is suitable for optimizing
problems with a single objective function. In single
objective function optimization, one attempts to find
the best design, which is usually the global minimum
(or maximum). Most real world problems involve
the simultaneous optimization of multiple objective
functions (a vector). Such problems are conceptually
different from single objective function problems. In
multiple objective function optimization, there may
not exist a solution that is the best (global optimum)
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with respect to all objectives. Instead, there could ex-
ist an entire set of optimal solutions that areequally
good. These solutions are known as Pareto-optimal
(or non-dominated) solutions. A Pareto set, for exam-
ple, for a two-objective function problem is described
by a set of points such that when one moves from one
point to any other, one objective function improves,
while the other worsens. Thus, one cannot say that
any one of these points is superior (or dominant) to
any other. Since none of the non-dominated solutions
in the Pareto set is superior to any other, any one of
them is an acceptable solution. The choice of one
solution over the other requires additional knowledge
of the problem, and often, this knowledge is intuitive
and non-quantifiable. The Pareto set, however, is ex-
tremely useful since it narrows down the choices and
helps to guide a decision-maker in selecting a desired
operating point (called the preferred solution) from
among the (restricted) set of Pareto-optimal points,
rather than from a much larger number of possibilities.

In earlier years, multi-objective optimization prob-
lems were usually solved using a singlescalarobjec-
tive function, which was a weighted-average of the
several objectives (‘scalarization’ of the vector objec-
tive function). This process allows a simpler algorithm
to be used, but unfortunately, the solution obtained de-
pends largely on the values assigned to the weighting
factors used, which is done quite arbitrarily. An even
more important disadvantage of the scalarization of
the several objectives is that the algorithm may miss
some optimal solutions, which can never be found,
regardless of the weighting factors chosen. This hap-
pens if the non-convexity of the objective function
gives rise to a duality gap [9–11]. Several methods
are available to solve multi-objective optimization
problems, e.g. theε-constraint method [12–14], goal
attainment method [10,15,16] and the non-dominated
sorting genetic algorithm (NSGA) [7,9,17,18]. In
this study, we use NSGA to obtain the Pareto set.
This technique offers several advantages [9], as for
example:
1. its efficiency is relatively insensitive to the shape

of the Pareto optimal front;
2. problems with uncertainties, stochasticities, and

with discrete search spaces can be handled effi-
ciently;

3. the ‘spread’ of the Pareto set obtained is excel-
lent (in contrast, the efficiency of other optimiza-

tion methods decides the spread of the solutions
obtained);

4. it involves a single application to obtain the en-
tire Pareto set (in contrast to other methods, e.g.
theε-constraint method, which needs to be applied
several times over).

Indeed, NSGA has been applied recently to opti-
mize several processes of industrial importance in
chemical engineering, including an industrial nylon-6
semi-batch reactor [18,19], a wiped-film polyester
reactor [20], a steam reformer [21] and cyclone sepa-
rators [22]. These form the subject of a recent review
[23].

2. Modeling of the beer dialysis module

As mentioned earlier, hollow fiber membrane mod-
ules are used in the production of low alcohol beer.
The beer (feed) flows through the hollow fibers while
water (dialysate) flows in the opposite direction on the
outside of the Cuprophan (from cellulose) fibers [2–5].
This countercurrent flow arrangement achieves a fa-
vorable concentration gradient along the entire mem-
brane and is very efficient. The assumptions made in
the model are as follows: (i) there is ideal countercur-
rent flow in the membrane module for efficient mass
transfer; (ii) steady state exists on both the shell and
tube sides of the membrane; (iii) transmembrane pres-
sure is negligible. This is typical of dialysis with liq-
uid phases on both sides of the membrane. However, it
was reported [3–5] that due to its complex, one or two
phase colloidal nature, beer does not behave as a nor-
mal liquid–liquid dialysis system and a small pressure
is needed on the beer side to avoid the osmotic flux
of water and beer dilution. Based on this, it is further
assumed that water does not diffuse across the mem-
brane; (iv) the presence and effect of any dissolved gas
(e.g. CO2) normally used in beer dialysis [2] to con-
tribute to better overall taste of the beer is neglected;
(v) the hollow fibers in the tube are arranged in a trian-
gular pitch; (vi) a constant temperature is maintained;
(vii) the physical properties, such as density and vis-
cosity, of the fluids are assumed to be constant and
(viii) a single hollow fiber membrane module is used
in the process. The model equations are easy to write
[24–26] and the complete set of equations is given in
Appendix A. It is observed from these equations that
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Fig. 1. Laboratory system for beer dialysis and a schematic of a membrane module used in beer dialysis.

we need to solve a system of five non-linear equations
involving the following five dependent variables:Qt,o,
Vs,ao, Vt,ao, Vs,eo andVt,eo (see Section 5 and Fig. 1).
These variables, representing the output flow rates and
concentrations of each of the two components (alco-
hol, a and extract, e), can be solved using a non-linear
algebraic equation solver for any given module, for a
specified set of operating conditions.

Before we solve any optimization problem, it is a
common practice to make sure that the model is good.
In addition, experimental data is required to evaluate
values of the parameters in the model, which are dif-
ficult to estimate on an a priori basis. We also need
to decide the values of some of the ‘input’ variables
(operating conditions and parameters) characterizing
the unit to be optimized. For example, we need to fix
values of variables like the flow rate of the feed to
be processed, the composition of the feed, etc., which
describe the unit whose performance we wish to op-
timize. For these, we select (for illustration purposes,
again) the lab-scale beer dialysis module of Leskosek
et al. [4]. We use the (scarce) experimental data [4],
on the percent removal of alcohol and extract (taste
chemicals) at different flow rates of the beer in this
module. Fig. 2 shows this data, and Table 1 gives
the details of the module and the operating condi-
tions used. The concentrations of alcohol and extract
in the exit streams have been obtained according to
the methods recommended in brewing practice [3–5].
Unfortunately, Leskosek et al. did not provide values
of two variables describing their experimental module,
namely, the length,l, of the individual hollow fibers,
and ϕ, the fractional free area in the shell. In addi-

tion, our model requires the value of the parameter,
Pma, the diffusive permeability of alcohol in the mem-
brane. We decided to assume [1] thatl=0.8 m, and
to useϕ andPma as parameters whose values are to
be obtained by ‘tuning’ against the experimental data
shown in Fig. 2. It may be mentioned that if values
of l andϕ were available to us for the experimental
module, we would have had to tune only one parame-
ter,Pma. The assumption, thatl=0.8 m is not too crit-
ical, since the total membrane area is known, and the
mass transfer coefficient does not change much with
changing length. Indeed, we found that model predic-
tions of the alcohol and extract removal did not vary
much with the length (for identical input conditions
and total membrane area).

An additional assumption was made in our study
to keep the model simple. The extract comprises
of a whole range of different chemical compounds,
involving molecules having relatively large molecu-
lar weights, ranging from 102 to 105 Da [5]. These
molecules are primarily saccharides, dextrins, and
other ‘taste chemicals’ that contribute to the color,
bitterness and pH of beer. Modeling the diffusion of
so many molecular species through the membrane
would be almost impossible and meaningless, partic-
ularly since experimental data is not available for the
removal of each of these species so as to estimate
their permeabilities. We assume, therefore, that the
diffusion of these several species in the extract can
be described satisfactorily by the diffusion of a single
pseudo-species, namely, an oligo-saccharide, (i.e. a
straight-chain molecule comprising of (z+2) glucose
units (see Fig. 3)) havingz=8 and with a molecular
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Fig. 2. A comparison showing the removal of alcohol and extract predicted by our model (curves) and experimental data (symbols) after
convergence (tuning). Feed flow rates of water (shell side) and beer (tube side) are the same. Equally spaced points are taken from the
curves published in [4].

Table 1
Equipment and operating parameters for the experiment by Leskosek et al. [4]

Equipment/operating parameters Values [4]

Membrane material Cuprophan (regenerated cellulose)
Membrane type Hollow fiber
Total membrane area,AT (m2) 1.3
Membrane thickness,t (mm) 8
Internal radius of each hollow fiber,r i (mm) 100
Alcohol content of beer in feed (% (w/w)) 3.8 (Vt,ai=0.0471)
Extract content of beer in feed (% (w/w)) 12 (Vt,ei=0.08)
Operating temperature (K) 278
Operating pressure (both tube and shell sides) (kPa) 100 (absolute)
Transmembrane pressure 0
Flow rate of beer (tube)a, Qt,i (m3/s) 8.33×10−7–1.0×10−5

Flow rate of water (shell)a, Qs (m3/s) 8.33×10−7–1.0×10−5

Beer/water feed flow ratio (v/v) 1:1
Length of each fiber,l (m) 0.8 (assumed)
Fractional free area,ϕ 0.727 (tuned value)
Flow arrangement — countercurrent Beer in the hollow fibers and water in the shell
Alcohol content in feed water 0
Extract content in feed water 0

a Values used for optimization (Eqs. (2a) and (2b)):Qt,i=4.17×10−6 m3/s; Qs obtained by optimization.
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Fig. 3. An oligosaccharide molecule.

weight of 1314. We did try to usez as an additional
tuning parameter (rather than fixing it at 8) but this
did not lead to any better agreement of model pre-
dictions with experimental data (see discussion later).
The assumed value ofz is not too high since it lies in-
side the range suggested by Leskosek et al. [5]. Also,
the overall rate of diffusion of the pseudo-species rep-
resents the complex diffusion of the multi-component
system, which is a highly non-linear function of the
molecular weights and concentrations of the several
species present (and we should not attempt to assign
any physical meaning to this value ofz).

A function, Fval, which was taken to be the sum of
squares of the differences between the values given in
Fig. 2 and those predicted by our model, was defined
as follows:

Fval =
1.0×10−5 m3/s∑
8.33×10−7 m3/s

{[
Ra,model− Ra,expt

Ra,model

]2

+
[
Re,model− Re,expt

Re,model

]2
}

(1)

whereRa andRe are the percentage removals for al-
cohol and extract, respectively. The sum of squares
was normalized with respect to the percentage re-
movals predicted by the model. The terms in Eq. (1)
are calculated for each of the experimental data points
(since only continuous curves were available in [4],
we took equi-spaced ‘experimental’ data points at in-
tervals of 8.33×10−7 m3/s, in the range of beer flow
rate from 8.33×10−7 to 1.0×10−5 m3/s (50×10−6–
600×10−6 m3/min). Fval was minimized using a di-
rect search complex algorithm, which performs a
non-linear least squares curve-fit.Fval represents an

overall deviation of the model predictions from the
experimental results in Fig. 2.

For each run, a value for each of the two tun-
ing variables,ϕ and Pma, is selected lying within
user-supplied bounds. These values are used in the
model equations with the physical properties and pa-
rameters given in Table 2. These equations are, in
turn, solved by the non-linear equation solver. The
solver returns values ofRa andRe, which are used to
evaluateFval for any selected set of values ofϕ and
Pma. Ultimately, a minimum value ofFval was found
for ϕ=0.727 andPma=3.279×10−5 m/s. A compar-
ison between model predictions (solid lines) and ex-
perimental data (symbols) for these tuned values ofϕ

andPma, is shown in Fig. 2. The figure shows that the
tuned model is able to predict values for the percentage
removal of alcohol and extract, which are quite close
to the published experimental results in the literature
[4]. Furthermore, it was reported that the permeability

Table 2
Physical properties and parameters used

Parameter Value Source/remarks

µw (Pa s) 0.0015 [24]
ρw (kg/m3) 1000 [24]
ρa (kg/m3) 806 [24]
ρe (kg/m3) 1500 Pure mono- and

di-saccharides [24]
Ma 46 Pure ethanol [24]
Me 1314 z=8 in Fig. 3
Daw (m2/s) 8.10×10−10 Appendix A (Eq. (A.7))
Dew (m2/s) 1.33×10−10 Appendix A (Eq. (A.8))
Pma (m2/s) 3.28×10−5 Tuned value
Pme (m2/s) 1.36×10−6 Appendix A (Eq. (A.10))
ψw 2.6 [25]
νa 59.2 Ethanol [25]
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of a typical Cuprophan membrane for molecules of
ethanol may be assumed to be about 25 times higher
than for an oligo-saccharide with an average molecu-
lar weight of about 2000 [5]. In the tuning done here,
a calculation shows that the difference in permeability
is about 24 times. This is sufficiently close.

The value of the fractional free area in the shell,ϕ,
obtained by the tuning of (the very small amount of)
experimental data taken on thelab-scalemodule of
Leskosek et al. [4], appears to be high when compared
to actual values forcommercialmodules, which range
from about 0.37 to 0.5 [1]. This discrepancy indicates
that the model needs refinement beforephysically
meaningful values of the parameters are obtained.
Extensive experimental results also need to be gener-
ated to test future detailed models and evaluate their
parameters. Pressure drop data on both the inside and
outside of the hollow fibers, are also needed for test-
ing of improved models. However, it must be empha-
sized that Fig. 2 does, indeed, give reasonably good
agreement between experimental results and model
predictions, and so we could expect that results from
our optimization study would still be meaningful,
even with the present, purely ‘curve-fitted’ value ofϕ.

An attempt was also made to tune the experimental
data using three tuning variables/parameters, namely,
ϕ, Pma andz, the number of glucose rings in the ex-
tract molecule. When doing this, provision was made
to ensure thatz is always an integer. However, the
tuned value ofz came out to be 2 (which is too low
for a typical extract molecule), withϕ not being much
lower than before, and so we decided to usez=8 and
the previous value ofϕ=0.727 for the optimization.
It must be mentioned that even though it would have
been far more satisfying if we had obtained physi-
cally meaningful values for all the tuned parameters,
simple models of complex processes need not nec-
essarily satisfy this expectation always, particularly
when the amount of experimental data is extremely
small. Attempts to improve models continue, even
while models describing available experimental data
satisfactorily are used for optimization.

3. Multi-objective optimization of beer dialysis

Non-dominated sorting genetic algorithm was used
with the tuned model described above to optimize the

beer dialysis module. It is to be emphasized again that
there is no end to the variety of multi-objective op-
timization problems, which could be formulated and
studied, and we present a few simple examples here,
to illustrate the concepts, techniques, and interpreta-
tion of results. Multi-objective Pareto optimal solu-
tions are generated here for use in both the operating
and design phases of beer dialysis. In order to ensure
that physically meaningful results are obtained, con-
straints on pressure drops on both the shell and tube
sides in the module were added to our model. These
constraints are necessary to ensure that the pressure
drops stay within reasonable limits.

3.1. Multi-objective optimization of the operation of
an existing module

The operation of the lab-scale module [4] (used
for tuning our model) is first optimized. Only a sin-
gle decision variable,Qs (the inlet flow rate of pure
water), is used. We choose two objective functions —
minimization ofRe, the percent removal of the extract
chemicals, and the maximization ofRa, the percent
removal of alcohol from the beer. Since the computer
code available with us for NSGA minimizes the ob-
jective functions, we need to transform the second
objective function into one involving minimization.
Several candidates are available for this, but probably
the simplest and the most popular form (which also
does not change the location of the solutions [8]) is
to minimize f2≡1/(1+Ra), rather than maximizeRa.
Thus, the optimization problem studied is represented
mathematically by

minf1(Qs) = Re (2a)

minf2(Qs) = 1

1 + Ra
(2b)

such that (s.t.)

0 ≤ 1Pt ≤ 51.7 kPa(7.5 psi) (2c)

0 ≤ 1Ps ≤ 10.3 kPa(1.5 psi) (2d)

ds = 0.02103 m (2e)

model equations(Appendix A) (2f)

The choice of the two objective functions,f1 andf2, in
Eqs. (2a) and (2b) enable the production of beer hav-
ing a low-alcohol content while having a good taste.
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Table 3
Computational parameters of NSGA [17] used in this work

Maximum generation,Nmaxgen 400
Population size,Npop 50
Sub-string length coding for each

decision variable,l i

32

Crossover probability,Pcross 0.8
Mutation probability,Pmute 0.0001
Maximum niche count distance,σ share 0.001
Exponent in sharing function,α 2.0
Seed for random number generator 0.5

The above equations provide an excellent example of
how two objectives which cannot really be compared
by putting them together into a single, scalar objec-
tive function, can be used as components of a vector
objective function.

The physical properties, operating parameters and
module dimensions used for this optimization prob-
lem are given in Tables 1 and 2. The value ofQt,i
is fixed (for illustration) for the optimization study,
as 4.17×10−6 m3/s, which lies somewhere midway in
Fig. 2. The bounds on the only decision variable used,
Qs, are 5×10−6–10×10−6 m3/s (note thatQs6=Qt for
optimization). It is to be noted that the flow rate of beer
used for optimization is quite low, and corresponds
to one of the values used in thelaboratory unit by
Leskosek et al. [4] In fact, this low flow rate is the rea-
son whyds in Eq. (2e) is quite small. Table 3 shows
the computational parameters used to obtain the so-
lutions. The values presented in Tables 2 and 3 were
kept unchanged for all the other optimization runs in
this work.

The computer program consisting of the tuned
model and NSGA was tested and run on a Silicon
Graphics SGI Origin2000 supercomputer. The CPU
time was extremely small and allowed us to obtain so-
lutions interactively. The results of this optimization
problem are presented in Fig. 4. Fig. 4a shows the
Pareto set obtained, while Fig. 4b gives the flow rate
of water,Qs (the only decision variable in this run),
corresponding to each of the points on the Pareto.
It can easily be confirmed that the points in Fig. 4a
do, indeed, constitute a Pareto set, i.e. as the alco-
hol removal increases (desirable), the extract removal
increases (undesirable). For the fixed beer flow rate
at the tube inlet, Fig. 4b shows that the water flow
rate on the shell side has to be increased to affect

Fig. 4. Pareto set and corresponding values ofQs and1Ps for the
optimization of the operation of an existing module.

higher removal of alcohol, but at the cost of higher
extract removal. This is expected intuitively. Due to
this increase in the flow rate of water (withr i , t, l and
ϕ fixed), it is obvious that the pressure drop on the
shell side will increase. This is reflected in Fig. 4c.
For this run, the tube side pressure drop (same for
all the Pareto points) is calculated to be 47.1 kPa. A
decision-maker working with this membrane module
can select an operating point (preferred solution) from
among those given in Fig. 4a.

It may be emphasized again that this optimization
problem represents just one example of the use of
multi-objective optimization and the techniques de-
scribed herein can be used for any similar optimization
of an existing membrane separation module. It may be
added that the experimental point of Leskosek et al. [4]
with Qs=Qt (for a beer flow rate of 4.17×10−6 m3/s),
would have been a part of the Pareto set for this prob-
lem with one decision variable, if we had selected a
larger range forQs.
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3.2. Optimization of a beer dialysis module at the
design level

Optimization at thedesignstage for any problem,
including the beer dialysis one, provides far more
freedom than when one is constrained to optimize
the performance of anexistingmodule. At the design
stage, several additional decision (or design) variables
become available for optimization. A meaningful
optimization problem for beer dialysis could be the
following (again, this is an example, and several other
alternatives are possible):

minf1(Qs, ri, l, ϕ, t) = Re (3a)

minf2(Qs, ri, l, ϕ, t) = 1

1 + Ra
(3b)

s.t.

0 ≤ 1Pt ≤ 51.7 kPa(7.5 psi) (3c)

0 ≤ 1Ps ≤ 10.3 kPa(1.5 psi) (3d)

ds = 0.02103 m (3e)

model equations(Appendix A) (3f)

The decision variables for this problem are taken as
(i) the flow rate of (pure) water on the shell side,Qs;
(ii) the internal radius of a single hollow fiber,r i ; (iii)
the length of the fiber,l; (iv) the fractional free area
in the shell,ϕ (related to the tube pitch,Pt) and (v)
the thickness of the hollow fiber membrane,t. These
choices would usually be available at the design stage.

Table 4
Description of parameter values used to study Problem nos. 1–13

Decision
variable

Reference Effect
of Qs

Effect
of l

Effect
of ϕ

Effect
of t

Effect
of 1P

Effect
of ds

Problem no. 1 2 3 4 5 6 7 8 9 10 11 12 13
106 Qs (m3/s) 5–10 10 3.33 16.7 10.0 10.0 10.0 5–10 5–10
l (m) 0.5–1.0 0.5 0.5 0.2 0.8 0.5 0.5 0.5–1.0 0.5–1.0
ϕ 0.65–0.75 0.75 0.75 0.75 0.65 0.85 0.75 0.65–0.75 0.65–0.75
t (mm) 5–25 25 25 25 25 5 45 5–25 5–25
r i (mm) For Problem nos. 1–13:r i=80–300
AT (m2) Calculateda 0.05–0.8
1pt (kPa) For Problem nos. 1–10:1pt ≤51.7 kPa (7.5 psi) ≤5.17×104 ≤5.52 ≤51.7
1ps (kPa) For Problem nos. 1–10:1ps≤10.3 kPa (1.5 psi) ≤1.03×104 ≤3.45 ≤10.3
ds (m) For Problem nos. 1–12:ds=0.02103 m Calculateda

a No explicit constraint (calculated from optimum values ofr i , ϕ, l and t).

A fixed value of the inner diameter of the shell (using
the value for the ‘tuned’ model as a somewhat arbitrary
choice, since the beer feed flow rate is taken to be of
the same order of magnitude as for Fig. 2) is assumed
again. This is to ensure that every point in the Pareto
set corresponds to a module with an identical shell
(otherwise, there are far too many degrees of freedom
available in the optimization problem). The effect of
relaxing this requirement is studied later.

The bounds of the decision variables used are tabu-
lated in Table 4 (Problem no. 1). Results of the multi-
objective optimization problem defined in Eqs. (3a)–
(3f) are shown in Figs. 5–7. The Pareto optimal set is
shown in Fig. 5a, while the five decision variables (Qs,
r i , l, ϕ andt) corresponding to the points on the Pareto
set are shown in Fig. 5b and c and Fig. 6a–c, respec-
tively. It is found that the optimal values of four of
these five decision variables are almost constant (Qs,
ϕ andt at their upper bounds,l at its lower bound), and
only r i decreases as the values ofRa andRe increase.
As expected, the total membrane area,AT, influences
the Pareto set quite significantly (Fig. 7a).AT, in turn,
can be changed usinganyone or more of the four de-
cision variables (r i , l, ϕ, andt) selected in this study.
However, it is observed thatr i is the most sensitive
variable as changes in the total membrane area are be-
ing achieved in this case by changingr i alone, with
the other decision variables (l, ϕ and t) at constant
values. It should also be noted that higher values ofr i
in Problem no. 1 (Fig. 6a) lead to lower values of the
total available membrane area (ds being fixed). This
enables achievement of lower levels of alcohol and ex-
tract removals (compared to Fig. 4a wherer i is fixed
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Fig. 5. Pareto set for Problem no. 1 and values of the decision
variables (Qs andr i ) corresponding to the points on the Pareto set
in Fig. 5a.

at 100mm), and lower values of the pressure drops on
both the shell (Figs. 4c and 7c) and tube sides. It is
interesting to observe (Fig. 7b) that the upper bound
on1Pt of 51.7 kPa controls the choice of the lowest
optimal value ofr i .

A comparison of Figs. 4–7 leads to the interesting
inference that whenQs is taken as theonly decision
variable (Eqs. (2a) and (2b)), it varies along the Pareto
optimal solutions (Fig. 4b). In contrast, whenQs is
taken asone of fivedecision variables (along withr i ,
l, ϕ, and t), it takes on a constant value. In fact, in
the latter case,r i emerges as the single dominant deci-
sion variable, varying along the Pareto optimal points,
while all the other four decision variables take on con-
stant values either at their upper or lower bounds. A
similar phenomenon of dominating decision variables
was observed in our earlier multi-objective optimiza-
tion study of trains of cyclone separators [22]. This is
a manifestation of the sensitivity of the objective func-
tions to the decision variables. For the present study,

Fig. 6. Values of the decision variables (l, ϕ and t) corresponding
to the points on the Pareto set in Fig. 5a.

an approximation analysis can be carried out to ex-
plain this effect. The equations in Appendix A lead
to the followingapproximatefunctional relation (for
Reynolds numbers below 2100, corresponding to the
optimal solutions)

Rate of mass transfer(for alcohol, a, and extract, e)

∼ 1

r
4/3
i (C1 + C2/Q

1/3
s )

(4)

In this equation,C1 and C2 are constants (different
for a and e) under the conditions of interest. Eq. (4)
suggests that whenQs is the only decision variable,
an increase inQs leads to an increase in the rates of
mass transfer, and so leads to higher values of both
Ra and Re. Our technique picks up this dependence
during optimization (Fig. 4a and b). On the other hand,
Eq. (4) shows that the rates of mass transfer are far
more sensitive to variations inr i than inQs, due to the
higher exponent onr i . A relatively small decrease in
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Fig. 7. Values of total membrane area required, and tube and shell
side pressure drops for the different points on the Pareto set of
Fig. 5a.

r i is associated with much larger increases in the rates
of mass transfer, and therefore much larger increases
in bothRa andRe, than is possible with changes inQs.
The much lower slope of the Pareto set in Fig. 4a as
compared to that in Fig. 5a, further confirms this point.
This sensitivity is manifested as a dominating effect
of r i on the optimal solutions (later in this paper, we
will again observe that the Pareto optimal solutions
are quite insensitive to changes in the values ofQs).

A considerable amount of physical insight is gained
by solving several simpler optimization problems
involving smaller amounts of freedom, for example,
problems with only one or two decision variables. For
the multi-objective optimization of membrane mod-
ules, we solved four such problems involving two
decision variables each. In all these simplified prob-
lems, one of the decision variables was selected as
Qs. The values of three of the other design variables
(in Eqs. (3a) and (3b)) were kept fixed at reference

values while the remaining one (by turns) was al-
lowed to vary. It was found that inall these problems,
the optimal value ofQs was at its upper bound of
10−5 m3/s. This means that the other decision vari-
able used (r i , l, ϕ or t) controlsRa and Re in these
problems. Increasing removals of alcohol and extract
are associated with higher membrane areas in all four
cases, and this was achieved with increasing values
of l, or decreasing values ofr i , ϕ, or t. It should be
pointed out that lower values ofr i lead to asignifi-
cant increase in the pressure drop on the tube side,
consistent with the Hagen–Poiseuille law [26,27]. An
important conclusion is that changes in the physical
dimensions of the module (exceptt) can produce a
wider range of points on the Pareto set than what is
possible by adjusting just the flow rate of water.

3.2.1. Sensitivity of the Pareto set to (constant)
values of Qs , l, ϕ and t

As discussed in the previous section, the internal
radius of the hollow fiber,r i , is the most important
decision variable which controls the optimal solution.
It is, therefore, natural to user i as thesole decision
variable, and fix the others (Qs, l, ϕ andt) at constant
values. This would lead to less cumbersome design
procedures. This is precisely what has been done in
Problem no. 2 (Table 4), in whichQs, l, ϕ andt have
been kept constant. The Pareto set obtained is almost
identical to that for Problem no. 1, which is not sur-
prising, since the constant values ofQs, l, ϕ and t
were taken to be almost the same as those obtained in
Problem no. 1. Problem no. 2 is being called as the
reference (ref) case.

A sensitivity study is now carried out. The values of
Qs, l, ϕ andt are changedone at a time, and optimal
solutions (withr i as the sole decision variable) ob-
tained. Table 4 shows details of the several (Problems
nos. 3–10) studied, and Figs. 8 and 9 show the results
graphically. These diagrams are useful to an engineer
designing a beer dialysis module and will enable him,
after targeting a particular removal percentage, to se-
lect feasible (and optimal) designs. These diagrams
quantify the trade-offs available. Fig. 9 allows one to
know the kind of trade-offs that can be made between
r i and one of the other four decision variables,Qs, l,
ϕ and t. This is useful for the case when an engineer
does not want to make more than two alterations to an
operational dialysis unit, as for example, if an engi-
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Fig. 8. Effect ofQs, l, ϕ and t on the Pareto sets.r i is the only decision variables used.

neer receives a new bundle of hollow fibers (to replace
the old bundle which is fouled) with a larger internal
radius. From the top-left chart of Fig. 8, he would
find out that he has to increase the water flow rate to
achieve the previous removal performance characteris-
tic, Ra andRe. We have also generated results for1Pt,
1Ps, andAT for the cases presented in Figs. 8 and 9,
but these are not provided here for reasons of brevity

(they can be supplied on request). These can be used
by a designer to compute the capital costs (associated
with total membrane area and other physical dimen-
sions) and running costs (e.g. pumping costs) of the
dialysis unit. It is interesting to observe from Figs. 8
and 9, Problem nos. 2–4, that the optimal solutions
are quite insensitive to variations inQs, as mentioned
earlier.
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Fig. 9. Effect ofQs, l, ϕ and t on the optimal value ofr i corresponding to the Paretos in Fig. 8.

3.2.2. Effects of varying the computational
parameters used in NSGA

One of the important inferences obtained from the
several studies discussed in the earlier sections is
that the optimization process is quite sensitive to the
bounds of the decision variables and the additional
constraints (e.g. on1Pt, 1Ps, andds) used. Further,
it has been reported [8] that NSGA ishighly sensitive

to the values of several computational parameters
used. Unfortunately, the choice of ‘best’ values to be
used for these parameters is problem-specific, and
it is difficult to know, a priori, the optimal values
of the parameters to be used. We selected Problem
no. 1 (Table 4) to study the effects of varying the
computational parameters around the values given in
Table 3. The values given in Tables 2 and 3 were kept
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unchanged during this study. It was found thatNgen,
pcross andpmute were the most important parameters.
It was observed that asNgen increased from the ini-
tial value of 0 to the final selected value of 400, the
population of solutions converged to the final Pareto
set shown in Fig. 5a. It is interesting to note that
though the Pareto set did not show too much scatter
even forNgen of above about 5, this was not true of
the two important decision variables,r i andQs. Even
at Ngen of about 50 we found a considerable amount
of scatter in the plots for these variables againstRe.
It is clear that the value ofNmaxgen should be large
enough to ensure that the scatter is removed not only
in the Pareto set, butalso in the plots of the deci-
sion variables. The effect of varyingpcross from 0.6
to 1.0 was then studied. Increasingpcross, above the
reference value of 0.8, did not have much effect.
However, whenpcross was decreased to 0.6, the per-
formance of GA was poorer (especially in the plot of
the decision variable,r i ) as the points did not spread
themselves well over the optimal region. Whenpmute
was taken as 0 (local searches around points were not
performed, i.e. diversity is not encouraged), there was
a slight clustering effect of the points. On the other
hand, whenpmute was increased to 0.1, the population
(specially the plot of the decision variable,r i ) showed
a considerable amount of scatter. It was observed that
the results were quite sensitive to the value ofpmute.
The reference value ofpmute=0.0001 gave us reason-
able results. The actual plots are not being provided
for the sake of brevity and can be supplied on request.

3.2.3. Effect of constraints
It is clear that one has to carry out an extensive

amount of exploratory work before meaningful results
can be obtained in any real-life problem involving
multi-objective function optimization and constraints.
Pressure drop constraints on both the shell and tube
sides, as well as the constraint of a fixed value ofds,
are used in the optimization studies carried out (Eq.
(3e), Problem no. 1). The effects of relaxing these con-
straints on the optimal solution are now studied.

3.2.3.1. Pressure drop constraints.Using Problem
no. 1 as a reference again, two additional problems,
Problem nos. 11 and 12 (see Table 4), are studied to
see the effects of varying the pressure drop constraints.
In Problem no. 11, the maximum allowable values of

Fig. 10. Variation of the fractional free area,ϕ, for Problem no. 12.

1Pt and1Ps are taken at very high values, which
is equivalent to removing these from Eqs. (3c) and
(3d). It was found that use of none or very high upper
bounds on the pressure drops (on both the shell and
tube sides), leads to optimal solutions which arealmost
identical to those shown in Figs. 5 and 6 but higher
values ofRe are attained. This is expected since Fig. 7b
shows that the constraint on1Pt was not allowing
this to happen in Problem no. 1 andr i was not going
down to its lower bound of 80mm in that problem (as
it does now). When the pressure drop constraints are
set very low, as in Problem no. 12, the domain ofRe
is quite small (even though the points on the Pareto
set superpose on those in Fig. 5a). Interestingly, the
fractional free area,ϕ, varies withRe (see Fig. 10),
while r i remains almost constant at about 255mm. This
is to be expected intuitively, as the upper bound on1Pt
does not permit a decrease inr i , andϕ decreases to
accommodate more membrane area to give higherRe.

3.2.3.2. Effect of removing the constraint on ds . An
important constraint used in Eq. (3e) is the use of a
constant value for the inner diameter,ds, of the shell
(for a given flow rate of the beer). A different problem
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on multi-objective optimization is now solved (Prob-
lem no. 13) in which this constraint is removed com-
pletely, but an additional decision variable, the total
membrane area,AT, is incorporated. Problem no. 13
is, thus, described by

minf1(Qs, ri, l, ϕ, t, AT) = Re (5a)

minf2(Qs, ri, l, ϕ, t, AT) = 1

1 + Ra
(5b)

s.t.

0 ≤ 1Pt ≤ 51.7 kPa(7.5 psi) (5c)

0 ≤ 1Ps ≤ 10.3 kPa(1.5 psi) (5d)

model equations(Appendix A) (5e)

Table 4 provides the various bounds on this problem.
It is clear that the use ofAT along with r i , l, ϕ and t
implies that the number of fibers,N, in the membrane
module is being used as an additional decision variable
during optimization. In Problem no. 1, the use of a
fixed value ofdshell, with optimal values ofr i , ϕ and
t, automatically determined the value ofN to be used,
while the total membrane area was computed from the
optimal values ofr i , ϕ andt, as well asl.

Fig. 11 shows the results obtained for this problem.
It is found thatAT (or N) is theonly decision variable
that varies for this case, and that all the remaining
variables, namely,Qs, r i , l, ϕ and t, are found to be
(almost) constant (Qs=1×10−5 m3/s, r i=194.7mm,
l=0.598 m,ϕ=0.66 andt=11.6mm) under optimal
conditions. It is interesting to note that the Pareto set
covers a smaller domain. This is due to the upper
bound used forAT. The values of1Pt and1Ps are
found to decrease asRa and Re increase (plots not
provided), in contrast to their behavior in the ear-
lier problems. This is because the optimal design is
achieved in this problem by the use of higher values
of N (or AT), while keepingr i , l, ϕ andt constant.

3.3. Cost optimization of a beer dialysis module

As mentioned earlier, a multitude of multi-objective
optimization problems can be formulated, some in-
volving even more than the two objective functions
studied till now. Our aim was to provide a few sim-
ple illustrative examples only (Eqs. (3a)–(3f) and

Fig. 11. Pareto set andAT for Problem no. 13.

Eqs. (5a)–(5e)), and point out how one has to solve
some simpler problems to develop insights. Yet an-
other objective function which could be added is the
cost. A cost function, Costfn, consisting of two terms,
one related to the annualized cost of the required
membrane area, while the other related to the running
cost required due to the pumping of water and alcohol
through the shell and tube sides, can be defined as

Costfn= AT + κ[(1Ps)(Qs)+ (1Pt)(Qt,i)] (6)

In this equation,κ is an empirical cost factor, related to
the relative importance of the two costs. Minimization
of Costfn (for a specifiedκ) could be added as the
third objective function in either Eqs. (3a)–(3f) or Eqs.
(5a)–(5e) and solutions obtained. Paretosurfacesin a
multi-dimensional decision variable space would then
be generated.

A very interesting observation was made during
our exploration of the solution of the three-objective
function problem described above. We combined the
ε-constraint method (which also overcomes the con-
vexity problem) with NSGA and instead of solving the
three-objective function problem we solved the fol-
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lowing two-objective function problem using NSGA:

minf1(Qs, ri, l, ϕ, t) = Re (7a)

minf2(Qs, ri, l, ϕ, t) = Costfn (7b)

s.t.

Ra − ε = 0 (7c)

0 ≤ 1Pt ≤ 51.7 kPa(7.5 psi) (7d)

0 ≤ 1Ps ≤ 10.3 kPa(1.5 psi) (7e)

ds = 0.02103 m (7f)

model equations(Appendix A) (7g)

In the above equations,ε is a constant (which could be
varied over a suitable range to cover the entire domain
of the three-dimensional objective function space). A
penalty function method [8] was used, with a penalty
of 108×[1−(Ra/ε)]2 added to both the objective func-
tions in Eqs. (7a) and (7b) to obtain the results.

This optimization problem was solved using the
same bounds of the decision variables as used in Prob-
lem no. 1 (Table 4). Interestingly, the solution of this
multi-objective optimization problem for anyε, turned

Fig. 12. Unique optimum values ofRe (%) obtained for different values ofε (=desired value,Ra,des (%)) for the problem defined in
Eqs. (7a–g).

Table 5
Optimal values obtained for the optimization problem described
by Eqs. (7a)–(7g)

Variables Bounds ε (%)=20 ε (%)=30 ε (%)=40

106×Qs (m3/s) 5–10 6.21 6.38 7.66
r i (mm) 80–300 242 177 211
l (m) 0.5–1.0 0.50 0.71 0.93
ϕ 0.65–0.75 0.71 0.74 0.67
t (mm) 5–25 19.6 16.6 15.4
AT (m2) Calculated 0.3635 0.60 0.8884
1Pt (kPa) <51.7 4.8 14.7 10.0
1Ps (kPa) <10.3 0.39 0.69 1.8

Pareto pointsκ=1, 11, 20
Ra (=ε) (%) 20 30 40
Re (%) 4.54 7.25 10.18
Costfn
κ=1 0.39 0.67 0.94
κ=11 0.61 1.32 1.50
κ=20 0.81 1.92 2.00

out to be a unique point (i.e. no Costfn versusRe Pareto
was obtained). Fig. 12 shows the results of Eqs. (7a–g)
for three values ofε and with κ=11 (assumed, see
later too). Table 5 lists the optimal values of the de-
cision variables andRe. These values of the decision
variables andRe were found to be the same for two
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other values ofκ between 1 and 20 (though the opti-
mal value of Costfn varied withκ as given in Table 5).
The uniqueness of the solutions of Eqs. (7a–g) for
different ε suggests that the Paretosurface in the
three-dimensional Costfn-Ra-Re space is just acurve
(and not a three-dimensionalsurface). This curve can
easily be imagined and drawn using Fig. 12. In fact,
three points on this curve are given in Table 5 (for
κ=11). The optimal values of the five decision vari-
ables in this three-dimensional problem, though inde-
pendent ofκ, are not found to be the same for different
points on the Pareto set.

We also studied the effect of varying the two im-
portant model parameters,Pma andz, on the optimal
solutions of the reference problem. The results are not
shown here for the sake of brevity again, but can be
supplied on request. Such a sensitivity study can ac-
count for the inadequacies of the model (plant-model
mismatch) and one could look at the diffused Pareto
zones so generated. Variation ofPma would also
account for the changes in the pore size of the mem-
brane in a problem where membrane design is also
part of the total design, and we are not just studying
the optimization of the design of the module alone.

4. Conclusions

In this study, we have developed a simple model for
a beer dialysis module and have tuned it using some
(scarce) experimental results on a laboratory-scale
module [4]. The model is then used to carry out
multi-objective optimization of a beer dialysis module
in the presence of a few constraints. This optimiza-
tion is done using a very robust, AI-based technique,
NSGA. Several simple two-objective function and
one three-objective function problems involving the
maximization of the alcohol removal from the beer,
minimization of the removal of extract and minimiza-
tion of the cost, have been studied to illustrate the pro-
cedures and explain and interpret the results obtained.
One needs to solve several simpler optimization prob-
lems with just one or two decision variables (smaller
amount of freedom), to gain insight and to provide
help in formulating the more general multi-objective
optimization problem. A Pareto optimal curve is ob-
tained for the three-objective function problem, using
a mixture of theε-constraint method and NSGA.

5. Nomenclature

A area (m2)
C concentration (mol/m3)
1C concentration difference (mol/m3)
d diameter (m)
D diffusion coefficient (m2/s)
f objective function
F Fanning friction factor
k mass transfer coefficient (m/s)
l length of each fiber (m)
M molecular weight (kg/mol)
n number of atoms in an extract molecule
N number of fibers in a module
p probability
P permeability (m/s), pitch (m)
1P pressure drop (Pa)
Q flow rate (m3/s)
r radius (m)
R percentage removal (%)
Re Reynolds number
S rate of transfer of alcohol or extract (mol/s)
Sc Schmidt number
Sh Sherwood number
t thickness (m)
T temperature (K)
v average velocity (m/s)
V volume fraction (m3/m3 soln)
w weighting factor
z number of rings in an extract molecule

Greek symbols
ψ association factor for solvent
µ viscosity (Pa s)
ν molar volume (m3/mol)
ε constant value ofRa
ϕ fractional free area for flow in shell
ρ density (kg/m3)
κ empirical cost weightage factor

Subscripts/superscripts
a alcohol
C carbon
cross crossover
des desired
e extract
eq equivalent
H hydrogen
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i inlet, inner
lm log mean
m membrane
mute mutation
o outlet, outer
O oxygen
ov overall
p t (tube) or s (shell)
q i (inlet) or o (outlet)
r a (alcohol) or e (extract)
t tube
T total
s shell
w water
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Appendix A. List of equations in beer dialysis
model

A.1. Mass balances

Overall and component (alcohol and extract) mass
balance equations

Qt,i +Qs
1

1 − Vs,ai − Vs,ei
= Qt,o

+Qs
1

1 − Vs,ao − Vs,eo
(A.1)

Qt,iVt,ri +Qs
Vs,ri

1 − Vs,ai − Vs,ei
= Qt,oVt,ro

+Qs
Vs,ro

1 − Vs,ao − Vs,eo
(A.2)

Rr =
(
Qt,i Vt,ri −Qt,oVt,ro

Qt,i Vt,ri

)
× 100

=
(

1 − Qt,oVt,ro

Qt,i Vt,ri

)
× 100 (A.3)

In all the equations, subscript p, q and r takes the
values as follows: p=t (tube) or s (shell), q=i (inlet)
or o (outlet), r=a (alcohol) or e (extract).

The rate of transfer of a particular solute,
r=Sr=kov,rAT,r1Clm,r, where

Sr=Qs
ρr

Mr

[
Vs,ro

1 − Vs,ao−Vs,eo
− Vs,ri

1−Vs,ai−Vs,ei

]
(A.4)

1Clm,r = (Ct,ri − Cs,ro)− (Ct,ro − Cs,ri)

ln[(Ct,ri − Cs,ro)/(Ct,ro − Cs,ri)]
(A.5)

Cp,rq = ρr

Mr
Vp,rq (A.6)

Daw = 7.4 × 10−8 (ψwMw)
1/2 T

µwν0.6
a

(A.7)

Dew = Daw

(
νa

νe

)0.6

(A.8)

νe = (nC × 14.8)+ (nH × 3.7)

+(nO × 7.4)− (z× 15) (A.9)

wherez is the number of glucose units in a molecule of
the extract (see Fig. 3), andnC=6×z, nH=(10×z)+2,
andnO=(5×z)+1.

The permeability of the membrane for the alco-
hol and the extract was calculated using a plot of the
normalized diffusivity, (Dm/D), as a function of the
molecular weight of the solute, whereD is the binary
diffusion coefficient of any solute in water andDm the
effective solute diffusivity in the membrane [1]. The
membrane permeabilities are related to the effective
solute diffusivities by [1]

PmE

PmA
= DmE

DmA
(A.10)

A.2. Physical dimensions of the membrane module

N = AT

2πri l
, ro = ri + t,

As = N(
√

3P 2
t − 2πr2

o)

2
= Nπrodeq

2
(A.11)
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ds =
√

2
√

3N

π
Pt, ϕ = 1 −N

(
2ro
ds

)2

,

deq=
√

3P 2
t − 2πr2

o

πro
(A.12)

A.3. Shell side mass transfer

vs = Qs

As

1

1 − Vs,ai − Vs,ei
, Res = deqρwvs

µw
,

Scr = µw

ρwDrw
(A.13)

Shs,a = ks,adeq

Daw
, Shs,e = ks,edeq

Dew
(A.14)

Shs,a

=




0.025× (Re0.94
s Sc0.33

a ), for Res > 2100,

1.62×
(

Res Sca
deq

l

)0.33

, for Res ≤ 2100

(A.15)

If Shs,a < 4.0, Shs,a = 4.0 (A.16)

Shs,e

=




0.025× (Re0.94
s Sc0.33

e ), for Res > 2100,

1.62×
(

ResSce
deq

l

)0.33

, for Res ≤ 2100

(A.17)

If Shs,e < 4.0, Shs,e = 4.0 (A.18)

A.4. Tube side mass transfer

vt = Qt,o

πNr2
i

, Ret = 2riρwvt

µw
,

Sht,a = kt,a(2ri)

Daw
, Sht,e = kt,e(2ri)

Dew
(A.19)

Sht,a=




0.025× (Re0.94
t Sc0.33

a ), for Ret > 2100,

1.62×
(

RetSca
2ri
l

)0.33

, for Ret ≤ 2100

(A.20)

if Sht,a< 4.0 Sht,a = 4.0 (A.21)

Sht,e=




0.025× (Re0.94
t Sc0.33

e ), for Ret > 2100,

1.62×
(

RetSce
2ri
l

)0.33

, for Ret ≤ 2100

if Sht,e< 4.0 Sht,e= 4.0 (A.22)

A.5. Overall

1

kov,r
= 1

kt,r
+ 1

Pm,r
+ 1

ks,r
(A.23)

A.6. Shell side pressure drop equations

1Ps = 2Fslv2
sρw

deq
(A.24)

Fs =




0.0014+
(

0.125

Re0.32
s

)
, for Res > 2100,

16

Res
, for Res ≤ 2100

(A.25)

A.7. Tube side pressure drop equations

1Pt = Ft lv2
t ρw

ri
(A.26)

Ft =




0.0014+
(

0.125

Re0.32
t

)
, for Ret > 2100,

16

Ret
, for Ret ≤ 2100

(A.27)
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